ABSTRACT Semiempirical molecular dynamics procedures are used to theoretically investigate the trajectories and quantum yields of the rhodopsin --bathorhodopsin and bathorhodopsin -rhodopsin photoisomerizations. The calculations are based on the semiclassical trajectory formalism and rhodopsin binding site model proposed by Birge and Hubbard (1980. J. Am. Chem. Soc. 102: 2195-2205). The rhodopsin -bathorhodopsin photoisomerization is predicted to occur in -2.2 ps with a quantum yield of 0.62 in reasonable agreement with experiment (<6 ps, 4 = 0.67). The bathorhodopsin -rhodopsin photoisomerization is predicted to occur in -1.8 ps with a quantum yield of 0.48. The latter number is in good agreement with the observed quantum yield for cattle bathorhodopsin (4 = 0.5) but in poor agreement with the observed value for squid bathorhodopsin (4 = 0.36). Our calculations suggest that the observed photochemical preference of the chromophore in cattle bathorhodopsin to isomerize to form rhodopsin (4 = 0.5), instead of isorhodopsin (4 = 0.054), is associated with a significant out-of-plane distortion (9-170) of the 11,12-trans dihedral angle in the batho chromophore.
INTRODUCTION
Yoshizawa and Wald's observation in 1963 (1) of a photochemical equilibrium among rhodopsin, bathorhodopsin, and isorhodopsin provided the first experimental evidence that the chromophore in bathorhodopsin has an all-trans or "transoid" conformation. This assignment follows from the characterization of the chromophore geometries in rhodopsin and isorhodopsin as involving different double-bond isomers (2) . The all-trans assignment for bathorhodopsin was generally accepted until 1972 when Busch, et al. (3) , spectroscopically observed that bathorhodopsin is formed in <6 ps. This time period was considered by many to be too short to accommodate a one-bond cis-trans isomerization, and a number of alternative mechanisms were proposed (3) (4) (5) (6) (7) (8) (9) . The observation of a deuterium isotope effect on the rhodopsin-to-bathorhodopsin rate (5) added additional weight to those models involving proton translocation (3) (4) (5) (6) (7) (8) . However, none of the alternative mechanisms could adequately account for the above mentioned photoequilibrium. Furthermore, molecular dynamics calculations demonstrate that photochemical isomerization in rhodopsin may be much faster than previously suspected (10, 11) . In particular, recent calculations predict that a one-bond photochemical 11 -cis to 11 -trans isomerization can occur with high quantum efficiency (0/1c -0.6) in -2 ps (11). The molecular dynamics calculations (10, 11) ; resonance Raman studies of chromophore analogs in bathorhodopsin (12) ; bleaching studies using chromophore analogs (13) ; the observed photochemical equilibrium among rhodopsin, bathorhodopsin, and isorhodopsin (1) ; and other recent studies (14) (15) (16) (17) (18) (19) (20) (21) combine to form overwhelming evidence that the chromophore in bathorhodopsin has a distorted all-trans conformation. What remains to be fully explained is the source of the deuterium isotope effect, but a number of reasonable hypotheses have been proposed that accommodate isomerization (2, 15, 20) .
The present theoretical investigation of the molecular dynamics of the photochemical transformation of bathorhodopsin to rhodopsin was prompted by the recent quantum-yield studies of Suzuki and Callender (22) . These investigators measured the quantum yields for transformation among rhodopsin, bathorhodopsin, and isorhodopsin in both cattle (vertebrate) and squid (invertebrate) pigment systems. Their experimental results are summarized below: where the photochemical quantum yields are shown above, or below the appropriate arrows.
(The rhodopsin -bathorhodopsin quantum yield is from reference 23 .) It is interesting to note the marked difference between the photochemistry of cattle vs. squid bathorhodopsin. This observation indicates that significant differences exist in the binding sites of cattle and squid pigments and that the chromophore in cattle bathorhodopsin may exhibit significant out-of-plane distortion in the 11,12 dihedral angle (see below). Of equal importance to the present study is the observation that the quantum yields for cattle rhodopsin and bathorhodopsin photochemistry add up to >1, and differ in magnitude by 0.17. The fact that the quantum yields sum to -1.2 indicates isomerization must proceed from a nonequilibrated activated complex. The fact that the quantum yield is -30% larger in the "forward" direction (0.67) than in the "reverse" direction (0.5) indicates a significant difference in the forward and reverse isomerization trajectories. The molecular dynamics calculations presented in this paper are an extension of the calculations on the 11 -cis to trans isomerization of the chromophore in rhodopsin given in reference 11. Our previous treatment investigated the trajectories associated with the potential surface of the first excited 7r-* singlet state of (A) the free chromophore and (B) the chromophore bound to the lysine residue in the rhodopsin binding site. An initial treatment of the trajectories associated with potential surface (B) modified by the inclusion of a counterion was also presented. We now extend the latter model to investigate the molecular dynamics of the trans to 1 -cis isomerization associated with the bathorhodopsin to rhodopsin photochemical transformation. We also present a detailed examination of the isomerization trajectories and quantum yields for the cis trans isomerization of rhodopsin to afford a comparison between the photochemical behavior of rhodopsin and bathorhodopsin. Our mathematical procedures and basic assumptions are identical to those described in Reference 11 The potential surfaces for the 11-12 dihedral angle in the ground and first excited singlet states of the chromophore in rhodopsin are taken from Birge and Hubbard (11) and are shown in Fig. 1 . These surfaces were calculated using a combination of INDO-CISD molecular orbital theory (conformational energy of the retinyl polyene) and consistent force field procedures (conformational energy of the lysine residue). The INDO-CISD calculations include high levels of both single-and double-excitation configuration interaction (CI). Previous calculations have demonstrated the importance of including double CI in calculations on the spectroscopic properties of the visual chromophores (24) (25) (26) (27) . The reader is referred to Reference 11 for a detailed discussion of the mathematical details.
The principal binding site assumptions that were used in constructing the potential surfaces shown in Fig. 1 are summarized briefly. (a) The retinal chromophore is covalently bound to the opsin active site via a protonated Schiff-base linkage to a lysine residue of the protein (see Fig. 2 ). (b) The /3-ionylidene ring is trapped in a hydrophobic cleft. During the isomerization, no atom of the f3-ionylidene ring can move by >0.05 A and the center of mass must remain fixed. Recent binding studies suggest that the ring binding site may be quite "lenient" (28) , and therefore the above restriction on f3-ionylidene motion may be too severe. As discussed below, however, our goal is to err in the direction of overestimating photoisomerization time and the above assumption is consistent with this objective. (c) The photochemical isomerization from the 1 -cis to 1 -trans conformation is accomplished entirely as one-bond rotation about the 11,12 bond. All other internal degrees of freedon of the chromophore are fixed at the original conformation of the chromophore (6- (Fig. 1) which is -9 kcal/mol too small based on recent calorimetric measurements (29) . Although this difference is significant, our underestimation of the energy of bathorhodopsin (and therefore the steepness of the excited-state potential surface in the 4,1,12 90(1800 region) is not a significant source of error in terms of the calculated isomerization times or quantum yields (see below).
Trajectory and Transition Probability Formalisms
The semiempirical molecular dynamics procedures used for the present investigation of isomerization trajectories are based on the semiclassical formalism of Birge and Hubbard (1 1). The formalism places restraints on the energy available to the torsional motion by limiting the sources of the torsional kinetic energy to that which is provided by the potential surface. Accordingly, excess vibrational energy is prevented from partitioning into the torsional kinetic energy. In contrast, an efficient pathway is provided for transfer of torsional kinetic energy into "nonproductive" vibrational modes based on a vibrational continuum approximation given by:
where (AEkin/A0t),.. is the rate of loss of torsional kinetic energy at trajectory time r, Ekin(r) is the torsional kinetic energy at t = T, and hp, is the energy of the lowest vibrational mode capable of scavenging torsional kinetic energy (see below). Cm is a semiempirical constant which is equal to the vibrational coupling efficiency. The trajectory calculations presented here are designed to err in the direction of overestimating trajectory times. Accordingly, we have chosen a relatively large value for Cm of 1 /2(h -') and a relatively small hi', of 50 cm-' (11). We are confident that these parameters will overestimate vibrational scavenging of the torsional kinetic energy but calculations including all degrees of freedom would be required to test this point. Furthermore, the possibility of reverse coupling whereby vibrational energy is transferred back into the torsional degree of freedom is ignored in our trajectory calculation.
The experimental observation of a wavelength-independent quantum yield for rhodopsin isomerization indicates that excess vibrational energy of the chromophore (E,ib) is rapidly transferred to the protein matrix. We simulate this process using a density of states approximation, 
where A W(T) is the adiabatic potential energy difference between the ground and excited state adjusted with respect to the Born-Oppenheimer local minimum (11): . Accordingly, the assumptions inherent in the application of Eq. 5 are justified. However, our assumption that the S0 and S, potential surface separation is proportional to 1/4(EVib) is purely empirical and is based on the expectation that coordinate relaxation is roughly four times slower than radiationless decay in the present system. The calculations reported in this paper were carried out using trajectory increments of 1015 s. At each time increment, the classical (Newtonian) equations of motion are solved in double precision (16 significant digits) using five point Lagrangian interpolation formulae to calculate the energy of the potential surface at 1, 1 02(T) and the gradients of force and the temporal derivatives that appear in Eqs. 1, 2, and 4 (see Appendix). Test calculations were performed using smaller (10-16 s) and larger (10-14 S) increments in time to determine the effect of changes in this arbitrary parameter on the calculated properties. Calculations using increments of 1O-0 and 10-16 s produced results that agreed to within four significant digits. Although FIGURE 3 Molecular dynamics of cis-trans isomerization in rhodopsin based on the potential surfaces of Fig. 1 Table II , and along with trajectories 1-9 are responsible for depleting the S, (wrr*) surface leaving a fraction of less than e-' (0.37) of the molecules in the excited state. The comments in the last three sentences of the caption to energy is rapidly dissipated so that the molecules enter the potential well at 11,12 = 900 with virtually identical vibrational energy regardless of initial energy. Because the dynamics of internal conversion into the ground state are associated entirely with the torsional behavior in the potential well, the calculated quantum yields of isomerization are very insensitive to the amount of initial excess vibrational energy. The calculations therefore reproduce the experimentally observed wavelength independence of the quantum yields. It should be noted that we adjusted Eq. 2 to produce this wavelength independence so the above observations are not indicative of successful theoretical prediction but rather successful parametrization. An important limitation of our theoretical treatment of bathorhodopsin is due to our neglect of the 9,10 torsional coordinate. Accordingly, excitation of bathorhodopsin is falsely predicted to produce only rhodopsin (11 -cis) or bathorhodopsin (11 -trans) but no isorhodopsin (9-cis).
This limitation is not a serious defect in simulating cattle pigment photochemistry because the observed quantum yield of formation of isorhodopsin from bathorhodopsin is only 0.054. Consequently, neglect of the 9,10 coordinate does not introduce significant error in simulating Tables I and II . We define the "isomerization time" as the time required to repopulate the "relaxed" ground state leaving a fraction of less than e-' (0.37) molecules in the excited state. Table I differ only slightly from those presented in Table II of reference 11.
The latter calculations did not include the effects of a counterion on the potential surface and predict a slightly smaller quantum yield of isomerization. The resulting geometry is indicated in parentheses (t, 1 l-transoid; c, 1 1-cis). § §Total trajectory time for molecule to reach "relaxed" ground state (see text).
|| || nc, not calculated.
ground state during 11-trans to 1 -cis isomerization of bathorhodopsin (Table II) . The reason for this significant difference is analyzed below, and it is surprising to observe that the net isomerization time is calculated to decrease slightly to 1.82 ps. In summary, therefore, our calculations predict that isomerization of rhodopsin and bathorhodopsin occurs in -2 ps after excitation.
Quantum Yields of Isomerization
The quantum yield of isomerization is calculated by statistically analyzing the probabilities of trajectory splitting into the ground state manifold. As shown in Figs. 5 FIGURE 5 The second derivative of the potential energy difference between the ground and excited state with respect to time is plotted in A (see text). The ground-state product distribution B, and the probability of crossing into the ground state ai(r) C, plotted as a function of trajectory time for the photochemical isomerization of rhodopsin to bathorhodopsin (Table I, Fig. 3 ). FIGURE 6 The second derivative of the potential energy difference between the ground and excited state with respect to time is plotted in A (see text). The ground-state product distribution (B), and the probability of crossing into the ground state ai(r) (C), plotted as a function of trajectory time for the photochemical isomerization of bathorhodopsin to rhodopsin (Table II, Fig. 4 ).
probability of crossing into the ground state. The sharpness of the probability function (a') at 011,I2 = 900 is primarily due to the high curvature of the excited-state potential well at the orthogonal dihedral angle. A calculation of the quantum yield of rhodopsin photoisomerization proceeds as follows. The first trajectory following excitation enters the "activated complex" in -1 ps and arrives at 01112 = 900 in 1.098 ps (Table I ). The probability of crossing into the ground state during this first pass is 0.333, which means that -33% of the molecules cross into the ground state to produce isomerized product in 1.9 ps (Table I, row 1). The remaining 67% of the molecules continue on the excited-state trajectory which is now "trapped" in the activated complex in a low frequency (-150 cm-') torsional mode of the 11,12 dihedral angle. The second pass BIOPHYSICAL JOURNAL VOLUME 34 1981 through the 900 region occurs at 1.2 ps and the probability of crossing into the ground state is 0.238. Accordingly, -24% of the remaining excited-state molecules undergo internal conversion to produce -16% unisomerized product in -1.6 ps (Table I, row 2). Torsional oscillations in the activated complex continue to pass through the 900 region transferring molecules to the ground state. After 14 torsional oscillations, >99.9% of the excited-state molecules have crossed into the ground state to produce 61.5% isomerized product (bathorhodopsin) and 38.5% unisomerized starting material (rhodopsin) ( Table I, row 14) . The above statistical analysis predicts a quantum yield of isomerization of 0.62 which is in reasonable agreement with the observed value of 0.67 (23) . The fact that the calculations underestimate the quantum yield is probably associated with one or more of the following factors: (a) the model underestimates the torsional velocity of the isomerization; (b) the neglect of the nonadiabatic coupling function (0P2 P1 K/0 in Eq. 4 underestimates the probability of crossing into the ground state (21); and/or (c) the excited-state potential surface is more asymmetric than predicted ( Fig. 1) because our model of the binding site (Fig. 2) neglects important protein-chromophore interactions. In particular, our neglect of the second counterion which is predicted to be present in the binding site (32) and our underestimation of the bathorhodopsin relative energy (29) suggest the third factor is probably important. The fact that we have neglected many degrees of freedom in the chromophore potential surface suggests that the first factor may also be important. The extent to which neglect of the nonadiabatic coupling function is important will be discussed in more detail below. Analysis of the quantum yield of bathorhodopsin photoisomerization is presented in Table  II . Following excitation, the molecule reaches the activated complex in <0.3 ps due to the steep slope of the 11,12 torsional potential surface. (Our simplified potential surface neglects partitioning torsional relaxation into distortion of the 9,10 double bond, and therefore rhodopsin [ I -cis] is the only photochemical product theoretically predicted [see below]). The molecule enters the activated complex with a considerable excess of vibrational energy (Fig.  4) , and this excess energy prevents the first few trajectory passes through the 900 region from efficiently crossing into the ground state (A W is large). A total of 11 passes through the 900 dihedral angle are required before >63% of the excited-state molecules internally convert to the ground-state manifold to produce product in -1.8 ps (Table II, row 1 1) . After 18 passes 99.8% of the molecules are in the ground state, 48.4% in the 1 l-cis conformation (rhodopsin), and 51.4% in the original l1-transoid conformation (bathorhodopsin). The calculated quantum yield is therefore 0.48 in good agreement with the observed value of 0.5 (22) .
The trajectory associated with the bathorhodopsin to rhodopsin transformation appears somewhat anomalous in that the first pass of the trajectory is trapped in the activated complex region even though it appears that the trajectory energy is significantly higher than the barrier height of the local potential well. The confusion is resolved by recognizing that the vertical axis represents the total energy of the chromophore-lysine system. The total energy is a sum of three components: Es(0), the energy of the torsional potential surface; Ekin (T), the kinetic energy of the torsional motion; and E,ib(r), the vibrational energy associated with the remaining modes of the polyene-lysine moiety. The reason the first and all subsequent trajectory elements are trapped in the activated complex is due to the fact that the kinetic energy of torsional motion is efficiently transferred to other "nonproductive" vibrational modes of the polyene-lysine system (see discussion concerning Eq. 1). Although the first trajectory pass is a relatively high-velocity trajectory reaching a kinetic energy maximum of 0.23 eV (5.3 kcal/mol), "reflection" of the first trajectory at 0I1,12= 750 back into the region of the activated complex occurs because the torsional kinetic energy is insufficient to override the local barrier associated with the activated complex potential well (see Fig. 7) .
The reason the calculated quantum yield is closer to the experimental value for the bathorhodopsin --rhodopsin photoisomerization (error = 4%) than for the rhodopsinbathorhodopsin photoisomerization (error = 8%) is probably due to the lack of sensitivity of the former calculation to errors in the excited state potential surface. The almost even distribution of 1 -cis and 1 -transoid isomers calculated for bathorhodopsin photoisomerization is due to the fact that the molecule enters the activated complex with a large excess of vibrational energy. The exact shape of the potential surface is not as important as the fact that it exhibits a large "downward" slope in the direction of the activated complex. The slope could be twice as large as that shown in Fig. 1 and the calculated quantum yield would be virtually identical to that predicted in Table II . In summary, therefore, the success of our calculation on bathorhodopsin suggests that our basic model is realistic but does not indicate that the potential surface shown in Fig. 1 is necessarily accurate.
Comparison with Other Models Rosenfeld et al. (17) have suggested that the photochemical behavior of cattle rhodopsin is best rationalized in terms of a "common excited state" hypothesis (17) . This hypothesis was based on the experimental observation that the quantum yields of rhodopsin and bathorhodopsin photoisomerization from the common excited-state activated complex appeared to sum to one within experimental error. The more recent experimental results of Suzuki and Callender~~~~~~~: (22), however, indicate that the quantum yields sum to more than one (see above). Consequently, the primary experimental evidence for a common equilibrated excited state no longer exists. The calculations presented in this paper, and their relative success in predicting quantum yields, suggest that a one-dimensional torsional excited state potential surface is useful (though not rigorous) in simulating the photochemical interconversion of rhodopsin and bathorhodopsin. This one-dimensional torsional surface contains a potential well centered at 111,12 = 900 which dynamically traps the trajectory during isomerization (Figs. 3 and 4) in an activated complex. The extent to which this activated complex represents the "common excited state" discussed by Rosenfeld et al. (17) , is a question of semantics. However, our calculations indicate that the characteristics of the activated complex are strongly influenced by the vibrational energy and velocity of the entrance trajectory. Consequently, the supposition that the "common excited state" represents a fully equilibrated species trapped at 4ll,12 = 900 is not supported by our calculations.
Warshel and Weiss (21) have presented an interesting analysis of the importance of the nonadiabatic coupling function in Eq. 3. Their calculations imply that the semiclassical treatment (Eq. 4) will underestimate the probability of crossing into the ground state because this coupling function is inherently neglected. Warshel and Weiss suggest that the probability of crossing into the ground state is -0.5 on each pass through 1011,12 = 900. This value is significantly larger than the 0.333 value calculated by our formalism for the first pass in the photoisomerization of rhodopsin (Table I, row 1). A value of 0.5 on each pass will improve the calculated quantum yield from 0.62 (our value) to 0.67 (Warshel & Weiss [21] ). However, complications are encountered in the application of Warshel and Weiss's theory to bathorhodopsin photoisomerization where the observed quantum yield is 0.5. One way to reconcile a first pass probability of 0.5 with a quantum yield of 0.5 is to assume the excited-state surface has more than one sharp potential well. While this is not impossible, the very steep 0111,12 = 900 to 011,12 = 1800 surface (Fig. 1) suggests to us that a second potential well in this region is unlikely.
Cattle Versus Squid Rhodopsin Binding Site Morphology The photoisomerization of cattle bathorhodopsin is observed to strongly favor the formation of rhodopsin (1,.ii = 0.5) over isorhodopsin (0,_9 = 0.054) (22) . In contrast, the photoisomerization of squid bathorhodopsin is observed to be relatively nonselective (0,111 = 0.36, 0,_9 = 0.24) (21) . These data suggest that there are important differences in the binding sites of cattle and squid pigments.
The selectivity of cattle rhodopsin could be ascribed to an amino acid moiety within the binding site that is partially blocking 9-trans to 9-cis dihedral motion. This explanation, however, is unlikely given the rapid (-3 ps) photoisomerization time of the cattle isorhodopsin to bathorhodopsin reaction (16) . A more likely possibility is that the opsin binding site prevents the 11,12 double bond of the chromophore from reaching planarity in bathorhodopsin. If the 1 1,12 (trans) dihedral angle were more distorted than the 9,10 (trans) dihedral angle, the formation of rhodopsin (11 -cis) over isorhodopsin (9-cis) would be dynamically favored. Although our calculated potential surface predicts a significant nonplanarity of the equilibrium 11,12 dihedral angle in bathorhodopsin (Fig. 1) , this prediction is due primarily to our neglect of other degrees of freedom of the chromophore. Accordingly, our potential surface is probably overestimating the distortion of the 11,12 double bond in bathorhodopsin (see discussion in reference 11). Our calculations indicate, however, that an out-of-plane distortion of between 9 and 170 in the 11,12 trans double bond would be sufficient to dynamically favor the photochemical formation of rhodopsin over isorhodopsin by the order of magnitude observed for cattle bathorhodopsin. (The above calculation assumded a 50 out-of-plane distortion in the 9,10 dihedral angle [49,10 = 1750]). In contrast, the observed quantum yields for squid bathorhodopsin photochemistry suggest the 9,10 and 1 1,12 dihedral angles in squid bathorhodopsin are distorted to roughly equal degrees of nonplanarity. This supposition follows from the observation of very similar trans to 9-cis and 11 -cis quantum yields (see above).
The exact morphology of the binding site in cattle rhodopsin is not yet known. Accordingly, the environmental constraints responsible for inducing significant nonplanarity in the 11,12 double bond of the chromophore in bathorhodopsin cannot be specified with any certainty. Our simple model for the rhodopsin binding site predicts that a considerable fraction of the excess energy of bathorhodopsin relative to rhodopsin (calc = 26 kcal/mol [ Fig. 1 ], obsvd = 35 kcal/mol [29] ) is associated with compression of the lysine residue in bathorhodopsin. (Fig. 2 ) (see also reference 11). The chromophore will respond to the lysine "resistance" through dihedral distortion. As noted above, our calculations arbitrarily place all of the distortion into the 11,12 dihedral angle (Fig. 1) , but a more realistic model would provide for energy minimization involving all of the degrees of freedom. INDO-CISD calculations indicate that the torsional relaxation will favor distortion of those double bonds closest to the protonated nitrogen whose resonance stabilization of the positive charge leads to a degree of bond order reversal.2 Accordingly, compression of the lysine residue in bathorhodopsin is predicted to distort the 1 1,12 dihedral angle more than the 9,10 dihedral angle from planarity. The dynamic and conformational considerations, therefore, both lead to similar conclusions.
APPENDIX One Dimensional Lagrangian Interpolation and Gradient Formulae
Our simulation of the molecular dynamics of the photoisomerization in rhodopsin and bathorhodopsin is based on the use of a classical one-dimensional Hamiltonian with the appropriate holonomic constraints (33) (see assumptions 2, 3 and 4 in section on Potential Surfaces of Isomerization). The torsional potential surfaces of the ground and excited states were obtained in a separate series of calculations using INDO-CISD molecular orbital theory (polyene portion) and force-field calculations (lysine residue) (11) . These calculations provide values for E* (+) (excited state) and EO(4)) (ground state) at discrete values of X, but the simulation of a dynamic process along a given potential surface requires 2The r-electron bond orders in the ground state of the all-trans protonated Schiff base of retinal are calculated for selected single bonds to be: P(8,9) = 0.3566, P(10,1 1) = 0.3870, P(12,13) = 0.4516, P(14,15) = 0.5573; and for selected double bonds: P(7,8) -0.8557, P(9,10) = 0.8254, P(11,12) = 0.7933, P(13,14) = 0.7182, P(15,16) 0.6276. The calculation was performed using INDO-CISD molecular orbital procedures including 127 single and 353 double excitations in the CI Hamiltonian (11) . A standard geometry was assumed as described in (11) . Note that the bond order for the 9,10 double bond (0.8254) is larger than the bond order for the 11,12 double bond (0.7933). This observation suggests that the 7r-electron system can sustain larger out-of-plane distortion of the 11,12 double bond than the 9,10 double bond, an observation which has been confirmed by energy-minimization calculations.
accurate interpolation between these discrete values. The following set of algorithms provide accurate and computationally efficient interpolative, gradient and higher derivative values along the potential surface. For the purposes of generality, the formulae are presented in terms of a one-dimensional cartesian coordinate, x. Appropriate transformations can be applied to express any one-dimensional problem in terms of a pseudo-linearilized coordinate (33) .
Assume, for the purposes of generality, that the system in question is currently at position x on the potential surface. Let the local region of the potential surface be defined by the discrete energies E,(xl E(x) = Eld1(x -x2)(x -x3)(x -X4)(X -x5) + E2d2(x -x)(x -x3)(x -x4)(x -x5) + E3d3(x -x)(x -x2)(x -x4)(x -X5) + E4d4(x -x)(x -x2)(x -X3)(X -X5) + E5d5(x -x1)(x -x2)(x -x3)(x -X4).
(A6)
The first derivative of the potential energy with respect to coordinate, AE(x)/Ax, is given by the following set of equations. Define: a, = r -s(X2 + X3 + x4 + x5) + t(x2x3 + x2x4 + x2x5 + X3X4 + X3X5 + X4x5), A2E(x)/Ax2 = E,d1al + E2d2a2 + E3d3a3 + E4d4a4 + E5d5a5.
Newton's equations of motion can be solved by recognizing that the force acting on the center of mass of the system is simply -AE(x)/Ax. Accordingly, the acceleration of the center of mass, a(x), is given by:
a(x)=-(AE(x)/Ax)/M (A20)
